




1.3
 

                        In general we take the charge density to be of the form ρ = fr⃗δ, where fr⃗ is determined by
                       physical constraints, such as ∫ρd3x = Q.

            a) variables: r,θ,φ. d3x = dφdcosθr2dr

ρ = fr⃗δr − R = frδr − R = fRδr − R

∫ ρd3x = fR ∫ r2drdΩdr − R = 4πfRR2 = Q → fR =
Q

4πR2

ρr⃗ =
Q

4πR2 δr − R

b) variables: r,φ, z. d3x = dφdzrdr

ρr⃗ = fr⃗δr − b = fbδr − b

∫ ρd3x = fb ∫ dzdφrdrδr − b = 2πfbbL = λL → fb = λ
2πb

ρr⃗ = λ
2πb

δr − b

c) variables: r,φ, z. d3x = dφdzrdr Choose the center of the disk at the origin, and the z-axis
perpendicular to the plane of the disk

ρr⃗ = fr⃗δzθR − r = fδzθR − r

where θR − r is a step function.

∫ ρd3x = f ∫ δzθR − rdφdzrdr = 2π R2

2
f = Q → f = Q

πR2

ρr⃗ =
Q
πR2 δzθR − r

d) variables: r,θ,φ. d3x = dφdcosθr2dr

ρr⃗ = fr⃗δcosθθR − r = frδcosθθR − r

∫ ρd3x = ∫ frδcosθθR − rdφdcosθr2dr = ∫
0

R
frrrdrdφ = 2πN ∫

0

R
rdr = πR2N = Q

where I’ve used the fact that rdrdφ is an element of area and that the charge density is uniformly
distributed over area.

ρr⃗ =
Q

πR2r
δcosθθR − r
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          Gauss’s Law:

∫ E⃗ ⋅ da⃗ =
Qenclosed

0

a) Conducting sphere: all of the charge is on the surface σ =
Q

4πa2

E4πr2 = 0, r < a E4πr2 =
Q
0

, r ∑ a

E = 0, r < a E⃗ =
Q

4π 0r2 r̂, r ∑ a

b) Uniform charge density: ρ =
Q

4
3 πa3 , r < a, ρ = 0, r ∑ a.

E4πr2 =
Qr3

0a3 → E =
Qr

4π 0a3 , r < a

E4πr2 =
Q
0

→ E =
Q

4π 0r2 , r ∑ a

c) ρ = A rn

Q = 4π ∫ r2drArn = 4πAan+3/n + 3 → ρ =
n + 3Q
4πan+3 rn, r < a

ρ = 0, r ∑ a

E4πr2 =
n + 3Q
4π 0an+3 4πrn+3/n + 3 → E =

Q
4π 0r2

rn+3

an+3 , r < a

E =
Q

4π 0r2 , r ∑ a

1. n = −2.

E =
Q

4π 0ra
, r < a



E =
Q

4π 0r2 , r ∑ a

2. n = 2.

E =
Qr3

4π 0a5 , r < a

E =
Q

4π 0r2 , r ∑ a



1.5

φr⃗ =
qe−αr 1 + αr

2

4π 0r

∇2φr⃗ = −
ρ
0

, ∇2 = 1
r2

∂
∂r

r2 ∂
∂r

∇2φ =
q

4π 0

1
r2

∂
∂r

r2 ∂
∂r

e−αr

r + α
2

e−αr

Using ∇2 1
r = −4πδr⃗

∇2φ =
q

4π 0

1
r2

∂
∂r

−αre−αr + e−αrr2 ∂
∂r

1
r − α2

2
r2e−αr

=
q

4π 0
− α

r2 e−αr + α2e−αr

r + αe−αr

r2 − 4πδr⃗ − α2e−αr

r + α3e−αr

2

= − 1
0

qδr⃗ − qα3

8π
e−αr

ρr⃗ = qδr⃗ − qα3

8π
e−αr

That is, the charge distribution consists of a positive point charge at the origin, plus an
exponentially decreasing negatively charged cloud.
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          We will be using Gauss’s law ∫ E⃗ ⋅ da⃗ =
Qenc
0

a) 1) Parallel plate capacitor

From Gauss’s law E = σ
0

=
Q

A0
=

φ12

d
→ Q =

A0φ12

d

W =
0

2 ∫ E2d3x =
0E2Ad

2
=

0
Q

A0

2
Ad

2
= 1

20

Q2

A
d = 1

20

A0φ12

d

2

A
d = 1

2
0A

φ12
2

d
2) Spherical capacitor

From Gauss’s law, E = 1
4π0

Q

r2 , a < r < b.

φ12 = ∫
a

b
Edr =

Q
4π 0

∫
a

b
r−2dr = 1

4
Q
π 0

b − a
ba

→ Q =
4π 0baφ12

b − a

W =
0

2 ∫ E2d3x =
0

2
Q

4π 0

2

∫
a

b
4π r2dr

r4 =
0

2
Q

4π 0

2

−4π −b + a
ba

= 1
80

Q2

π
b − a

ba

W = 1
80

4π0baφ12

b−a

2

π
b − a

ba
= 2π 0ba

φ12
2

b − a
3) Cylindrical conductor



From Gauss’ s law, E2πrL = λL
0

=
Q
0

φ12 = ∫
a

b
Edr =

Q
2π 0L ∫

a

b dr
r =

Q
2π 0L

ln b
a

W =
0

2 ∫ E2d3x =
0

2
Q

2π 0L

2

2πL ∫
a

b rdr
r2 = 1

4π 0

Q2

L
ln b

a

W = 1
4π 0

2π0Lφ12

ln b
a

2

L
ln b

a = π 0L
φ12

2

ln b
a

b) w =
0

2 E2

1) wr = 0

2
Q

A0

2
= 1

20

Q2

A2 0 < r < d, = 0 otherwise.

2) wr = 0

2
1

4π0

Q

r2

2
= 1

320π2

Q2

r4 , a < r < b, = 0, otherwise

3) wr = 0

2
Q

2π0Lr

2
= 1

80

Q2

π2L2r2 , = 0 otherwise.





1.9
 

       I will be using the principle of virtual work. In the figure below, Fδl is the work done by an
external force. If F is along δl (ie. is positive), then the force between the plates is attractive. This
work goes into increasing the electrostatic energy carried by the electric field and into forcing charge
into the battery holding the plates at constant potential φ12.

Conservation of energy gives

Fδl = δW + δQφ12

or

F = ∂W
∂l

+
∂Q
∂l

φ12

From problem 1.8,

a) Charge fixed.
1) Parallel plate capacitor

W = 1
2
0A

φ12
2

d
, φ12 =

dQ
A 0

→ W = 1
2
0A

dQ
A0

2

d
= d

20A
Q2

∂Q
∂l

= 0, F = ∂W
∂l

=
Q2

20A
(attractive)

2) Parallel cylinder capacitor

φ12 = λ
0

ln d
a , a = a1a2

W = 1
2

Qφ12 → F = ∂W
∂l

= 1
2

Q λ
0

∂
∂d

ln d
a  = 1

2
λQ
0d

(attractive)

b) Potential fixed

1) Parallel plate capacitor

Using Gauss’s law, Q =
φ12A 0

d
, ∂

∂l
Q =

φ12A 0

d2



→ F = − 1
2
0A

φ12
2

d2 +
φ12

2 A 0

d2 = 1
2
0A

φ12
2

d2 = 1
2
0A

Qd
0A

2

d2 = 1
20A

Q2

2) Parallel cylinder capacitor

W = 1
2

Qφ12, and Q =
0Lφ12

ln d
a 

so

W = 1
2

0Lφ12
2

ln d
a 

, ∂W
∂l

= − 1
2
0L

φ12
2

ln2 d
a d

∂Q
∂l

= 0L
φ12

ln2 d
a d

F = − 1
2
0L

φ12
2

ln2 d
a d

+ 0L
φ12

2

ln2 d
a d

= 1
2
0L

φ12
2

ln2 d
a d
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                                                                              More Problems for Chapter 1
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2.1
 

     We will work in cylidrical coordinate, (ρ, z,φ, with the charge q located at the point
d⃗ = dẑ, and the conducting plane is in the z = 0 plane.

Then we know from class the potential is given by

φx⃗ = 1
4π 0

q

x⃗ − d⃗
− q

x⃗ + d⃗

Ez = − q
4π 0

∂
∂z

1
z − d2 + ρ2 1/2

− 1
z + d2 + ρ2 1/2

Ez =
q

4π 0

z − d
z − d2 + ρ2 3/2

− z + d
z + d2 + ρ2 3/2

a) σ = 0Ezz = 0

σ = 0
q

4π 0

−d
−d2 + ρ2 3/2

− +d
+d2 + ρ2 3/2

= − q
2πd2

1

12 +
ρ
d

2
3
2

Plotting −1

12+r2
3
2

gives

-1

-0.8

-0.6

-0.4

-0.2

0

1 2 3 4 5r

b) Force of charge on plane

F⃗ = 1
4π 0

q−q
2d2 −ẑ = 1

4 × 4π 0

q2

d2 ẑ

c)

F
A

= w =
0

2
E2 = σ2

20
= 1

20
− q

2πd2
1

12 +
ρ
d

2
3
2

2

= 1
80

q2

π2d4 1 +
ρ2

d2

3

F = 2π q2

80π2d4 ∫0

β ρ

1 +
ρ2

d2

3 dρ = 2π q2

80π2d4
1
4

d2 = 1
4 × 4π 0

q2

d2



d)

W = ∫
d

β
Fdz =

q2

4 × 4π 0
∫

d

β dz
z2 =

q2

4 × 4π 0d
e)

W = 1
2

1
4π 0

∑
i,j,iΦj

q iq j

|x⃗ i − x⃗ j |
= − q2

2 × 4π 0d

Notice parts d) and e) are not equal in magnitude, because in d) the image moves when q moves.

f) 1 Angstrom = 10−10m, q = e = 1. 6 × 10−19C.

W =
q2

4 × 4π 0d
= e e

4 × 4π 0d
= e 1.6 × 10−19

4 × 10−10 9 × 109 V = 3.6 eV



2.2
 

     The system is described by

a) Using the method of images

φx⃗ = 1
4π 0

q
|x⃗ − y⃗|

+ q ′

|x⃗ − y⃗ ′ |

with y ′ = a2

y , and q ′ = −q a
y

b) σ = −0
∂
∂n
φ|x=a = +0

∂
∂x
φ|x=a

σ = 0
1

4π 0

∂
∂x

q

x2 + y2 − 2xycosγ1/2
+ q ′

x2 + y ′2 − 2xy ′ cosγ1/2

σ = −q 1
4π

a 1 − y2

a2

y2 + a2 − 2aycosγ3/2

Note

q induced = a2 ∫ σdΩ = −q 1
4π

a22πa 1 − y2

a2 ∫
−1

1 dx
y2 + a2 − 2ayx3/2

, where x = cosγ

q induced = − q
2

aa2 − y2  2
aa2 − y2 

= −q

c)

|F| = qq ′

4π 0y ′ − y2 = 1
4π 0

q2ay
a2 − y2

, the force is attractive, to the right.

d) If the conductor were fixed at a different potential, or equivalently if extra charge were put on
the conductor, then the potential would be

φx⃗ = 1
4π 0

q
|x⃗ − y⃗|

+ q ′

|x⃗ − y⃗ ′ |
+ V

and obviously the electric field in the sphere and induced charge on the inside of the sphere would
remain unchanged.



2.3
 

     The system is described by

a) Given the potenial for a line charge in the problem, we write down the solution from the figure,

φT = λ
4π 0

ln R2

x⃗ − x⃗o 
2 − ln R2

x⃗ − x⃗o1 
2 − ln R2

x⃗ − x⃗o2 
2 + ln R2

x⃗ − x⃗o3 
2

Looking at the figure when y = 0, x⃗ − x⃗o 
2
= x⃗ − x⃗o1 

2, x⃗ − x⃗o2 
2
= x⃗ − x⃗o3 

2, so φT |y=0 = 0
Similarly, when x = 0, x⃗ − x⃗o 

2
= x⃗ − x⃗o2 

2, x⃗ − x⃗o1 
2
= x⃗ − x⃗o3 

2, so φT |x=0 = 0
On the surface φT = 0, so δφT = 0, however,

δφT =
∂φT

∂x t
δx t = 0 →

∂φT

∂x t
= 0 → E t = 0

b) We remember

σ = −0
∂φT

∂y
= −λ

π
y0

x − x0 2 + y0
2
− y0

x + x0 2 + y0
2

where I’ve applied the symmetries derived in a). Let

σ/λ = −1
π

y0

x − x0 2 + y0
2
− y0

x + x0 2 + y0
2

This is an easy function to plot for various combinations of the position of the original line charge
(x0,y0.

c) If we integrate over a strip of width Δz, we find, where we use the integral

∫
0

∞ 1
x ∓ x0 2 + y0

2
dx = 1

2
π ± 2arctan x0

y0

y0

ΔQ = ∫
0

∞
σdxΔz →

ΔQ
Δz = ∫

0

∞
σdx = −2λ

π tan−1 x0
y0

and the total charge induced on the plane is −∞, as expected.
d)
Expanding



ln R2

x − x0 2 + y − y0 2 − ln R2

x − x0 2 + y + y0 2 − ln R2

x + x0 2 + y − y0 2 + ln R2

x + x0 2 + y + y

to lowest non-vanishing order in x0, y0 gives

16 xy

x2 + y2 2 y0x0

so

φ → φasym = 4λ
π 0

xy

x2 + y2 2 y0x0

This is the quadrupole contribution.



2.5
 

 
a)

W = ∫
r

∞

|F|dy = q2a
4π 0

∫
r

∞ dy

y3 1 − a2

y2

2 = q2a
8π 0r2 − a2 

Let us compare this to disassemble the charges

− W′ = − 1
8π 0

∑
i≠j

q iq j

|x⃗i−x⃗j |
= 1

4π 0

aq2

r
1

r 1 − a2

r2

= q2a
4π 0r2 − a2 

> W

The reason for this difference is that in the first expression W, the image charge is moving and
changing size, whereas in the second, whereas in the second, they don’t.

b) In this case

W = ∫
r

∞

|F|dy = q
4π 0

∫
r

∞ Qdy
y2 − qa3 ∫

r

∞ 2y2 − a2 

yy2 − a2 2 dy

Using standard integrals, this gives

W = 1
4π 0

q2a
2r2 − a2 

−
q2a
2r2 −

qQ
r

On the other hand

− W′ = 1
4π 0

aq2

r2 − a2 
−

qQ + a
r q

r = 1
4π 0

aq2

r2 − a2 
−

q2a
r2 −

qQ
r

The first two terms are larger than those found in W for the same reason as found in a), whereas the
last term is the same, because Q is fixed on the sphere.
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